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Remarks on the horocycle flows for foliations by hyperbolic
surfaces
Shigenori Matsumoto
Abstract. We show that the horocycle flow associated with a foliation on a
compact manifold by hyperbolic surfaces is minimal under certain conditions.
1. Introduction
In the 1936 paper [3], G. A. Hedlund showed the minimality of the horocycle
flows associated to closed oriented hyperbolic surfaces. In [4], the authors consider
a problem of generalizing this fact to compact laminations by hyperbolic surfaces.
Throughout this paper, we work under the following assumption.
Assumption 1.1. M is a closed smooth1 manifold, and F a codimension q
minimal foliation on M by hyperbolic surfaces
The latter condition means that F is a 2-dimensional smooth foliation equipped
with a continuous leafwise metric of curvature −1 and that all the leaves of F are
dense in M . Let Π : Mˆ → M be the unit tangent bundle of the foliation F . The
total space Mˆ admits a locally free action of PSL(2,R). Denote the orbit foliation
by A. See Section 2 of [4] for more detail. (The foliation A is denoted by T 1F in
[4].) In other words, we have the geodesic flow gt, the stable horocycle flow ht+ and
the unstable horocycle flow ht−. They preserve leaves of A and satisfy
(1.1) gt ◦ hs+ ◦ g
−t = hse
−t
+ , g
t ◦ hs− ◦ g
−t = hse
t
− .
This says that the flow gt is uniformly hyperbolic along the leaves of A. The flows
gt and ht± jointly define an action of a closed subgroup B± of PSL(2,R), whose
orbit foliation is denoted by B±. They are subfoliations of A transverse to each
other in a leaf of A and the intersection is the orbit foliation of gt. The group B± is
isomorphic to the group of the orientation preserving affine transformations on the
real line. There is an involution J : Mˆ → Mˆ sending a leafwise unit tangent vector
ζ ∈ Mˆ to −ζ. The involution J maps the flow gt to g−t; JgtJ = g−t, and the flow
ht± to h
−t
∓ ; Jh
t
±J = h
−t
∓ . Therefore the minimality of B+ (resp. h
t
+) is equivalent to
the minimality of B− (resp. ht−). Notice also that the minimality of F immediately
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implies the minimality of A. On the other hand, there are examples of minimal F
for which the foliations B+ are not minimal [4]. The purpose of this paper is to
study the following question which arizes naturally from the result of Hedlund [3].
Question 1.2. Does the minimality of the foliation B+ imply the minimality
of the flow ht+?
So far no counter-examples are known. There are some positive partial answers
connected with this question. (Below (M,F) is assumed to satisfy Assumption 1.1.)
(A) If F is a homogeneous Lie foliation, then the flow ht+ is minimal [1].
(B) If a leaf of F admits a simple closed geodesic with trivial holonomy, then the
flow ht+ is minimal [2].
(C) If the foliation B+ is minimal and if there are nonplanar leaf in F , then the
flow ht+ admits a dense orbit [4].
Assume there is a simple closed oriented geodesic c in some leaf of F . Let D′ ⊂
D be smooth closed q-disks in M transverse to F such that D′ ∩ c = D ∩ c = {z0}.
(Recall that F is of codimension q.) Let f : D′ → D be the holonomy map of F
along the curve c. Thus f(z0) = z0. Let us consider the following condition. See
Figure 1.
D′
D
z0U
f(U)
Figure 1.
(∗) There exists an open subset U ⊂ D′ ⊂ D such that z0 ∈ Cl(U), f(U) ⊇ U ,
and for any z ∈ Cl(U), d(f(z), z0) ≥ d(z, z0).
The main result of this paper is the following.
Theorem 1.3. If there is a leafwise simple closed geodesic which satisfies (∗),
then Question 1.2 has a positive answer.
Notice that any leafwise simple closed geodesic with trivial holonomy satisfies
(∗). So our result overlaps with the result (B) above. Our proof, quite different
from that of [2], uses only the leafwise hyperbolicity (1.1) of the flow gt. More
generally, any leafwise simple closed geodesic of a Riemannian foliation satisfies
(∗). In fact, one can take as U in (∗) a transverse metric ball centered at z0. On
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the other hand, it is shown (Theorem 6, [4]) that if F admits a holonomy invariant
transverse measure, then the foliation B+ is minimal. Of course a Riemannian
foliation satisfies this condition. Thus we have the following corollary.
Corollary 1.4. If F is a Riemannian foliation which admits a nonplanar
leaf, then the flow ht±is minimal.
Unfortunately, this result, even combined with result (A), is not sufficient to
solve the following conjecture.
Conjecture 1.5. For any Riemannian foliation F , the flow ht± is minimal.
Next consider the case where F is of codimension one, that is, dim(M) = 3.
We have a satisfactory answer in this case. As will be shown in Section 4, a
codimension one foliation F by hyperbodlic surfaces must have a nonplanar leaf.
Let c be a leafwise simple closed geodesic. Consider the holonomy map f along c
on a transverse open interval I which intersects c at a point z1. If the fixed point
set Fix(f) has a nonempty interior, then a point z0 from the interior satisfies (∗).
Otherwise an endpoint z0 of a connected component I \ Fix(f) satisfies (∗). That
is, if there is a nonplanar leaf, then (∗) is always satisfied. See Figure 2.
z1
z0
Figure 2. Although z1 does not satisfy (∗), some point z0 ∈ I satisfies (∗).
Therefore we have:
Corollary 1.6. If F is of codimension one, then Question 1.2 has an affir-
mative answer.
Notice that there are many examples of the codimension one foliations F for
which B± are not minimal [4].
2. Proof of Theorem 1.3
Let c be a leafwise simple closed geodesic in M which satisfies (∗). Associated
to c, there is a periodic orbit cˆ of the leafwise geodesic flow gt on Mˆ , defined by
cˆ = (c, c′), where c′ stands for the derivative. Our overall strategy is to show that
if B+ is minimal, any minimal set of ht+ intersects cˆ. For that purpose, we begin
with constructing a coordinate neighbourhood in a transversal of cˆ for which the
dynamics of the first return map of gt is well described.
For a point z0 in (∗), let ζ0 ∈ Mˆ be the tangent vector of c at z0. Thus ζ0 ∈ cˆ
and Π(ζ0) = z0. Let Eˆ be a smooth closed (q + 2)-disk in the (q + 3)-dimensional
manifold Mˆ transverse to gt centered at ζ0. Let Dˆ be a q-disk centered at ζ0
contained in Int(Eˆ) and transverse to the foliation A. If Dˆ is small enough, the
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projection Π yields a diffeomorphism from Dˆ to its image Π(Dˆ), which is a q-disk in
M transverse to F . Here notice that the open set U of (∗) can be chosen arbitrarily
small (close to z0). In fact, if we replace U by its intersection with the metric disk
centered at z0 of small radius in the transverse q-disk, condition (∗) is still satisfied.
This shows that the q-disks D and D′ in (∗) can also be chosen arbitrarily small.
Therfore we may assume that D = Π(Dˆ) is the disk in (∗).
The disk Eˆ, being transverse to the flow gt, is transverse to the foliation B±
and A. Let β± and α be the restriction of the foliation B± and A to Eˆ. See Figure
3.
EˆDˆ
α(x)
Figure 3.
The 1-dimensional foliations β+ and β− are subfoliations of the 2-dimensional foli-
ation α, transverse to each other in a leaf of α. Given a point x ∈ Eˆ, let us denote
by β±(x) and α(x) the leaves of the corresponding foliations which pass through x.
Given ζ ∈ Dˆ and small r > 0, let ι±,ζ : [−r, r]→ β±(ζ) be the isometric embedding
such that ι±,ζ(0) = ζ. For ξ, η ∈ [−r, r] and ζ ∈ Dˆ, let us denote by [ξ, η, ζ] the
unique point of the intersection of β+(ι−,ζ(ξ)) and β−(ι+,ζ(η)). See Figure 4.
β−(ζ)
β+(ζ)
ζ = [0, 0, ζ] ξ
η [ξ, η, ζ]
Figure 4. For each ζ ∈ Dˆ, the set {[ξ, η, ζ] | |ξ| ≤ r, |η| ≤ r} is a
rectangle in α(ζ).
Recall the open subset U of D′ in condition (∗). For small r > 0 (much smaller
than the diameter of U), define
Ur = {z ∈ U | d(z, z0) < r}.
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We have f(Ur) ⊇ Ur. Let
Uˆr = Π
−1(Ur) ∩ Dˆ ⊂ Mˆ
and for 0 < r′ ≤ r, define
Vˆr,r′ = {{[ξ, η, ζ] | |ξ| ≤ r, |η| ≤ r, ζ ∈ Cl(Uˆr′)}.
The first return map F : Vˆr,r′ → Eˆ of the flow gt preserves the foliations α and β±,
and therefore can be written as
F [ξ, η, ζ] = [φζ(ξ), ψζ(η), f(ζ)].
By some abuse, the conjugate of the map f in (∗) by Π|
Dˆ
: Dˆ → D is denoted here
by f . It satisfies f(ζ0) = ζ0, f(Uˆr′) ⊇ Uˆr′ and
d(f(ζ), f(ζ0)) ≥ d(ζ, ζ0)), ∀ζ ∈ Cl(Uˆr′),
for an appropriate metric d. By the hyperbolicity (1.1) of the leafwise geodesic flow
gt, there is λ ∈ (0, 1) such that
d(φζ (ξ), φζ(ξ
′)) ≥ λ−1d(ξ, ξ′), ∀ξ, ξ′ ∈ [−r, r], ∀ζ ∈ Cl(Uˆr′),
(2.1) d(ψζ(η), ψζ(η
′)) ≤ λd(η, η′), ∀η, η′ ∈ [−r, r], ∀ζ ∈ Cl(Uˆr′).
On the other hand, since ζ0 = [0, 0, ζ0] is a fixed point of F , we have for small r > 0
and even smaller r′ = r′(r) > 0, if ζ ∈ Cl(Uˆr′),
φf−1(ζ)(−r) < −r < r < φf−1(ζ)(r)
and
(2.2) − r < ψf−1(ζ)(−r) < ψf−1(ζ)(r) < r.
Therefore
F (Vˆr,r′) ∩ Vˆr,r′ = {[ξ, η, ζ] | |ξ| ≤ r, ψf−1(ζ)(−r) ≤ η ≤ ψf−1(ζ)(r), ζ ∈ Uˆr′}.
Replacing ζ ∈ Cl(Uˆr′) by f−1(ζ) ∈ Cl(Uˆr′) in (2.2), we get
−r < ψf−2(ζ)(−r) < ψf−2(ζ)(r) < r.
Applying ψf−1(ζ), we have
ψf−1(ζ)(−r) < ψf−1(ζ)ψf−2(ζ)(−r) < ψf−1(ζ)ψf−2(ζ)(r) < ψf−1(ζ)(r).
This way, inductive use of (2.2) shows
−r < ψf−1(ζ)(−r) < ψf−1(ζ)ψf−2(ζ)(−r) < ψf−1(ζ)ψf−2(ζ)ψf−3(ζ)(−r) < · · ·
· · · < ψf−1(ζ)ψf−2(ζ)ψf−3(ζ)(r) < ψf−1(ζ)ψf−2(ζ)(r) < ψf−1(ζ)(r) < r
and by the hyperbolicity (2)
lim
n→∞
ψf−1(ζ) · · ·ψf−n(ζ)(−r) = lim
n→∞
ψf−1(ζ) · · ·ψf−n(ζ)(r) =: Ψ(ζ).
See Figure 5. Therefore for any n > 0,⋂
0≤i≤n
F i(Vˆr,r′) = {[ξ, η, ζ] | |ξ| ≤ r,
ψf−1(ζ) · · ·ψf−n(ζ)(−r) ≤ η ≤ ψf−1(ζ) · · ·ψf−n(ζ)(r), ζ ∈ Cl(Uˆr′)},
and
Kr,r′ :=
⋂
n≥0
Fn(Vˆr,r′) = {[ξ,Ψ(ζ), ζ] | |ξ| ≤ r, ζ ∈ Cl(Uˆr′)}.
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{ζ} × [−r, r]
{f−1(ζ)} × [−r, r]
{f−1(ζ)} × [−r, r]
Kr/β−
ζ0
{ζ0} × [−r, r]
Figure 5. The map induced by F on the quotient space Vˆr/β−.
The subset Kr,r′ is closed, and by the closed graph theorem, the function Ψ :
Cl(Uˆr′)→ [−r, r] is continuous. A crucial fact is that if x ∈ Kr,r′ and n > 0, then
F−n(x) ∈ Vˆr,r′ . (In fact, we have F−n(x) ∈ Kˆr,r′ . But we do not use this.)
Let τ : Vˆr,r′ → (0,∞) be the first return time to Eˆ of the flow gt and let
Vˇr,r′ = {g
t(x) | x ∈ Vˆr,r′ , t ∈ [0, τ(x)]} and Kˇr,r′ = {g
t(x) | x ∈ Kr,r′ , t ∈ [0, τ(x)]}.
Both are compact sets, and we have:
(∗∗) If x ∈ Kˇr,r′ and t > 0, then g−t(x) ∈ Vˇr,r′ .
Now let us finish the proof of Theorem 1.3. We assume that the foliation B+
is minimal. Let M be any minimal set of the flow ht+. Then we have
(2.3)
⋂
t0∈R
⋃
t≥t0
gt(M) = Mˆ,
since the LHS is B+–invariant, closed and nonempty. To show the B+–invariance,
we need to show that the LHS is invariant both by gs and hs+. For the former, we
have
gs(
⋂
t0∈R
⋃
t≥t0
gt(M)) =
⋂
t0∈R
gs
⋃
t≥t0
gt(M) =
⋂
t0∈R
gs(
⋃
t≥t0
gt(M))
=
⋂
t0∈R
⋃
t≥t0
gs+t(M)) =
⋂
t0∈R
⋃
t≥t0+s
gt(M) =
⋂
t0∈R
⋃
t≥t0
gt(M).
For the latter, notice that gt(M) is invariant by hs+ and therefore
hs+(
⋂
t0∈R
⋃
t≥t0
gt(M)) =
⋂
t0∈R
⋃
t≥t0
hs+(g
t(M)) =
⋂
t0∈R
⋃
t≥t0
gt(M).
Now (2.3) implies in particular
⋃
t≥0
gt(M) = Mˆ, Since Vˇr,r′ has nonempty
interior, we have
⋃
t≥0
gt(M) ∩ Vˇr,r′ 6= ∅. That is, there is x ∈ M and t ≥ 0 such
that y = gt(x) ∈ Vˇr,r′ . Then an orbit segment of h
t
+ through y intersects Kˇr,r′ , say
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Kˇr,r′
y
y′
Figure 6.
at a point y′; y′ = hs+(y) ∈ Kˇr,r′. This is true for any y ∈ Vˆr,r′ (Figure 5), and for
any y ∈ Vˇr,r′ by (1.1). See Figures 6. Let x′ = g−t(y′). Then we have
x′ = g−t(y′) = g−ths+(y) = g
−ths+g
t(x) = hse
t
+ (x).
Hence x′ ∈ M. On the other hand, since y′ ∈ Kˇr,r′, we have x′ ∈ Vˇr,r′ by (∗∗).
That is, M∩ Vˇr,r′ 6= ∅. Since
⋂
r>0 Vˇr,r′(r) = cˆ, we get by the finite intersection
property that
(∗∗∗) M∩ cˆ 6= ∅.
The rest of the proof is routine. For each t ∈ R, we have eitherM∩gt(M) = ∅
or M = gt(M) since the both sets are minimal sets of ht+. Let
T = {t ∈ R | gt(M) =M}.
Then T is a closed subgroup of R. The statement (∗∗∗) shows that T is nontrivial.
If T = R, then M is B+-invariant and we have M = Mˆ , as is required. Consider
the remaining case where T is isomorphic to Z. In this case, the minimal set M is
a global cross section of gt. But this is impossible by Proposition 5 of [4]. For the
sake of completeness, let us give an easy proof for the case where M is a manifold.
The closed graph theorem shows that M must be a tamely embedded topo-
logical submanifold of codimension one. Thus the manifold Mˆ must be a bundle
over S1 and admits a closed 1-form ω which takes positive value at
dgt
dt
(x) for any
x ∈ Mˆ . The closed geodesic c which we started with and the closed geodesic with
the reverse orientation correspond to two periodic orbits cˆ and cˆ′ of gt and we must
have
∫
cˆ
ω > 0 and
∫
cˆ′
ω > 0. However cˆ′ is homotopic to −cˆ. A contradiction.
3. Codimension one foliations
Here we shall prove the following.
Theorem 3.1. There is no foliation by heperbolic disks on any closed 3-manifold
M .
Proof. Assume on the contrary that there is a smooth foliation F by hy-
perbolic disks on closed 3-manifold M . H. Rosenberg [5] showed that the 3-torus
T 3 is the only 3-manifold which admits a smooth foliation by planes. So we have
M = T 3. According to W. Thurston [7], F can be isotoped to be transverse to
a fibration S1 → T 3 → T 2. Let h : Z2 = pi1(T 2) → Diff
∞
+ (S
1) be the holonomy
homomorphism of the foliated bundle F . Then the associated Z2-action on S1
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must be free, since all the leaves of F are planar. Thus the action is topologically
conjugate to an action by rigid rotations. In particular, there is an S1-action on S1
which commutes with h(Z2). This implies that there is an F -preserving topological
S1-action whose orbit foliation is the above smooth fibration. Consider the cover-
ing space S1 × R2 of T 3, where the lifted foliation is {{t} × R2}, and let {φt}t∈S1
be the lifted S1-action. Each leaf {t} × R2 is equipped with a hyperbolic metric.
Fix one leaf {0} × R2 which has a hyperbolic metric g0 and replace the metric of
the other leaf {t} × R2 by (φ−t)∗g0. Then the new metric is K-quasiconformally
equivalent to the old one with fixed constant K. The quotient space of S1 × R2
by the S1-action is identified with the Poincare´ upper half plane H. The covering
transformation induces a K-quaiconformal action of Z2 on H. Now a theorem of D.
Sullivan [6] shows that such an action is topologically conjugate to an action of a
subgroup of PSL(2,R). Being a quotient action of a covering transformation, this
action must be cocompact, that is, there is a compact subset of H which intersects
each orbit. But this is impossible since the group is Z2, showing Theorem 3.1. 
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